An alternative definition for the order-parameter is proposed, for a family of non-equilibrium spin models with up-down symmetry on honeycomb lattices, and which depends on two parameters. In contrast to the usual definition, our proposal takes into account that each site of the lattice can be associated with a local temperature which depends on the local environment of each site. Using the generalised voter motel as a test case, we analyse the phase diagram and the critical exponents in the stationary state and compare the results of the standard order-parameter with the ones following from our new proposal, on the honeycomb lattice. The stationary phase transition is in the Ising universality class. Finite-size corrections are also studied and the Wegner exponent is estimated as ω = 1.06(9).
I. INTRODUCTION
For equilibrium systems, the universality hypothesis allows to cast all critical systems in universality classes, of which the Ising model universality class is the best-known example. The concept of universality can be extended to non-equilibrium critical systems [1, 2] . In particular, a widely accepted conjecture states that non-equilibrium models with up-down symmetry and spin-flip dynamics fall in the universality class of the Ising model [3] . A family of generalized spin models (GSM) that do not satisfy the detailed-balance condition and which present a non-equilibrium steady-state, was proposed by Oliveira et al. [4, 5] . The collective behaviour of the "spins" shares many aspects with the well-established theory of non-equilibrium phase transitions and results from simulations can be analysed similarly [1] . In these GSM, the system evolves following a competing dynamics induced by heat baths at two different temperatures (on two-dimensional square lattices) [6] [7] [8] and hence have a non-equilibrium stationary state. In the original version of the GSM [4] , each lattice site is occupied by a spin, σ i , that interacts with its nearest neighbours. The system evolves in the following way: during an elementary time step, a spin σ i = ±1 on the lattice is randomly selected, and flipped with a probability given by
where H i is the local field produced by the nearest neighbours to the site i and f (H i ) is a local function bounded by |f (H i )| ≤ 1. On a square lattice, one habitually uses one of two possible sets of parameters, such that
The dynamics is described by two parameters: either the pair (x, y) which act analogously to a noise in the system, or else by a pair of effective inverse temperatures (β 2 , β 4 ) [4, 8] . In the second case, to each site one associates a "temperature" that depends on its instant local environment. This locally fluctuating "temperature" should affect the model's macroscopic behaviour. Several known models are known special cases of the dynamics eqs. (1, 2) : the majority voter model (MVM) corresponds to y = x or β 2 = 2β 4 ; the Glauber-Ising model (GIM) corresponds to y = 2x/(1 + x 2 ) or β 2 = β 4 . Numerical simulations confirm that these models, on a square lattice, belong to the Ising model universality class [4, [9] [10] [11] . In this work, we propose a new order-parameter with the following features: (i) it must take into account that the local variable has extra degrees of freedom because there is not just one heat bath involved, and (ii) it must recover the standard Ising model when the heat baths are at the same temperature. Additionally, we can introduce in this way a new model of out of equilibrium mixed-spin models, similar to the ferrimagnetic models (see [12] and references therein).
This work is organised as follows: in section II we described how to implement the new order parameter on the honeycomb lattice. In section III, the finite-size scaling method used to analyse its stationary state is outlined. In section IV, the results of the Monte Carlo sim-ulation for a particular case, the equivalent MVM, are reported and the critical parameters are extracted. We conclude in section V.
II. MODEL
In analogy with simple Ising magnets the paramagnetic-ferromagnetic phase transition can be measured with the standard order-parameter, on a square lattice Λ ⊂ Z 2 , with N = L 2 = |Λ| sites
In this work, we propose an alternative definition for an order parameter, as follows
such that the value of the inverse temperature β Hi is selected on each site, depending on the local field H i , according to eq. (2). Certainly, when β 2 = β 4 , one should recover µ = m . However, on lattices where each site has an even number of nearest neighbours, the order parameter µ is not uniquely defined, since for configurations with a local field H i = 0 at the site i, a further un-specified parameter β 0 must be introduced. A workaround is to consider lattices where sites have an odd number of nearest neighbours, such as the honeycomb lattice (see Fig. 1 ). For the honeycomb lattice, the available values for the local field are H i = ±1, ± 3 and the extra parameter β 0 is no longer needed. On the honeycomb lattice, eq. (2) is replaced by
Again, we recover some known models: the MVM corresponds now to x = y and β 1 = 3β 3 and the GIM corresponds to y = (3x + x 3 )/(1 + 3x 2 ) or β 1 = β 3 . Analogously we can define the susceptibility for the new order parameter as
For a qualitative illustration of the difference between the two order parameters, in Fig. 2 we present snapshots along the line x = y for three different values of x for a lattice of size L = 200. The left column a) corresponds to the ordered phase, the central column b) to the critical point and the right column c) to the disordered phase. While the standard order parameter m permits to distinguish between the ordered and disordered phases, our new proposal µ clearly hints at further hidden structures. For example, in the ordered phase, most sites have a local temperature β 3 , whereas in the disordered phase, most sites have a local temperature β 1 . In figure 3 , we illustrate the dependence of the averaged order-parameter µ on the coupling x in the MVM. Clearly, the existence of a second-order phase transition is signalled, very analogous to what one has found for the usual order-parameter m [4, 9] . On the other hand, considering the average inverse temperature β hints at additional structure not captured by m . Curiously, there is a cusp in β which occurs very closely to the location x c of the critical point. While the increase of β with x in the disordered phase should mainly reflect the dependence of β 1 on x, the cusp could be related to the increase of sites with an inverse temperature β 3 = 1 3 β 1 , as is also suggested by the snapshots in figure 2.
Since both the MVM and the GIM present a continuous phase-transition, it is natural to assume that a critical line should exist in the x − y plane. In analogy to the square lattice case, this line starts at the voter critical point, (x, y) = (1/3, 1) for the honeycomb lattice, and ends at the extremal value (x, y) ≈ (1, 0.88). In order to sketch the critical line, we carried out rough simulations with small lattice sizes, L = 24, 28, 32 and 36, at different fixed x values. In order to estimate the critical points, we used the standard method of the crossing point of the fourth-order Binder cumulant [13] 
For both order parameters (3,4) simulations were carried out by starting with a random configuration of spins, and letting the system evolve according to the dynamics given by eqs. (1, 5) . In figure 4 , we show the phase diagram as estimated in the plane (x, y) for the honeycomb lattice. Skew boundary conditions in the horizontal direction and periodic boundary conditions in the vertical direction were used, see Figure 1 . In all cases, the uncertainties in the critical values are around 10 −3 . Clearly, we see from Figure 4 that the critical boundaries estimated from both order-parameters are compatible (see also table I).
III. FINITE-SIZE SCALING TECHNIQUE
We shall use the method proposed in Ref. [15] , where three different cumulants are used for the evaluation of We also included the points (x, y) = (0.57735027, 0.96225045), common to both, (x, y) = (0.8721, 0.8721) for m [14] , and (x, y) = (0.87195, 0.87195) for µ, as evaluated in next section. is defined analogously to eq. (4))
and (iii) the second-order cumulant
The scaling forms for the thermodynamic observables, in the stationary state, and together with the leading finitesize correction exponent ω (or Wegner's exponent), are given by
where ǫ = x − x c is the distance from criticality, p = 2, 3 or 4. The parameters β, γ and ν are the critical exponents for the infinite system, see [1] for details. In principle, the critical point x c is found from the crossing points in the cumulants U (p) . A precise estimation of x c is achieved by taking into account the crossing points for different cumulants U 
where U i,j . At this crossing point the following relation must be satisfied:
Here
. Combining for different cumulants (q = p) we get
where
and is nonuniversal (see Refs. [15, 16] for additional details). Equation (15) is a linear equation that makes no reference to ν or ω and requires as inputs only the numerically measurable crossing couplings x p i,j . The intercept with the ordinate gives the critical point location. performed 300 (bigger lattices) to 500 (smaller lattices) independent runs, in order to improve the statistics. For the evaluation of the critical points, we used a third-order polynomial fit for the cumulant curves. Recalling eq. (15), the estimation of the critical point is shown in Figure 5 , where we plot the variable σ := (x (4) ij + x (2) ij )/2 over against the variable δ := x (4) ij − x (2) ij . We observe that the curves σ(δ) are not linear as expected from Eq. (15) , this means that the finite-size effects are significant in this case and the curvature is due to the neglected higher order terms in Eq. (12) . When we compare the data for the crossing of the U (2) − U (4) curves with the previous reported data for the standard order parameter given by Eq. (3) from Ref. [14] , the range in the differences δ is almost two times larger with this new order parameter (see Fig. 2c in Ref. [14] ) and that the smallest difference is around 7 × 10 −5 (corresponding to the crossing between L = 96 and L = 76). When we compare with results for the antiferromagnetic MVM on honeycomb lattices (Figure 4b on reference [17] ) we observe that the scaling effect, like the range in the differences δ and the departure from the linear behavior of σ(δ), are more notorious with the new order parameter. With the second order polynomial fits of Eq. (15) we obtain the result for the critical point of
IV. RESULTS
where the number in brackets give the estimated uncertainty in the last given digit(s). This results is in good agreement with the reported value for the critical point of the standard order parameter for the ferromagnetic and antiferromagnetic MVM on honeycomb lattice [14, 17] . Once that we have the critical point, we can also anal-yse eventual finite-size corrections, which are described in terms of Wegner's correction-to-scaling exponent ω, which was already defined in eqs. (10) (11) (12) . We evaluate the Wegner exponent ω and the universal quantities U can observe that the scaling effects are more pronounced here, compared to the antiferromagnetic case with the standard order parameter on the same lattice (see Figure  8b in [17] ). Our estimated value for the Wegner exponent is
The usual prediction for ω, based on 2D conformal invariance [18] [19] [20] gives ω = 2 for the Ising model, on a square lattice with periodic boundary conditions. Early suggestions that ω might be as small as 4/3 have been disproved numerically, in favour of ω = 2 [21] . However, in certain cases the corresponding amplitude may vanish and this leads to an effective value ω = 4, as seen for the Ising model on honeycomb and triangular lattices [22] . For open boundary conditions or Brascamp-Kunz boundary conditions, one rather finds ω = 1 [23] [24] [25] . Finally, on the triangular lattice, effective values in the range 1.2 ω eff 2 were reported [26] . The values for the cumulants are U (7); they are all compatible with the reported values for the antiferromagnetic MVM on honeycomb lattices with the same boundary conditions [17] .
The critical exponents can be evaluated, by using Eqs. (12) , at the critical point ǫ = 0. One expects the following finite-size scaling behaviour
and
where the correction-to-scaling exponent, with the value ω = 1.06, must be included, since the correction-toscaling effects are important in this case. The parameters a α are non-universal. In Fig. 7 , we show the derivatives of the cumulants at the critical point. From the finite-size scaling law (20), we obtain the following results: 1/ν = 0.97(4), 0.99(4) and 0.99(3) from ∂U (2) /∂x, ∂U (3) /∂x and ∂U (4) /∂x, respectively. After combining our results we finally obtain 1/ν = 0.98(4), in good agreement with the result for the two-dimensional Ising model. The evaluation of γ/ν is shown in Fig. 8 , with the relation (19) we obtain γ/ν = 1.75 (2) . We present in Fig. 9 the evaluation of β/ν, with Eq. (18) we obtain β/ν = 0.128 (5) . 
V. CONCLUSIONS
We have introduced a new definition of an orderparameter for a family of generalized spin models in honeycomb lattices. This definition (4) of the new order parameter µ can be extended to other lattice types with an odd number of nearest neighbours. We studied through intensive Monte Carlo simulations the stationary state for a particular case that corresponds to the Majority voter model. We have found that the phase-diagram for this order-parameter in the two-parameter space (x, y) is equivalent to the phase diagram for the standard order 
of the stationary state are, as expected, compatible to the ones of the 2D Ising model universality class. One important difference with respect to the previous numerical studies concerns the the correction-to-scaling effects. Their analysis permits to estimate the Wegner exponent ω. Our result ω MVM = 1.06 (6) is not compatible with the conventional value ω Ising = 2 of the two-dimensional Ising model. Such small values of ω have usually been reported on certain non-periodic lattices in the 2D Ising model [22, 23, 25] while here, it arises as a result of the chosen dynamics. The only other known value for the MVM is for the three-dimensional cubic lattice [16] ; in this case the value of ω is compatible with the value of the Ising model. Further simulations should be performed in order to test further whether there is a new correction exponent for this model. Finally, the use of µ might offer a finer view on the mechanism of a phase transition, see figures 2 and 3, and probably can be extended beyond the Ising model. We hope to return elsewhere to further exploration of new insights, especially in the context of non-equilibrium phase transitions.
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